We review the application of the critical point large N f self-consistency method to QCD. In particular we derive the O(1/N f ) d-dimensional critical exponents whose ǫ-expansion determines the perturbative coefficients in MS of the field dimensions, β-function and various twist-2 operators which occur in the operator product expansion of deep inelastic scattering.
Introduction
The renormalization group equation, (RGE), plays an important role in comparing predictions made in a quantum field theory with observations of nature. The fundamental ingredients in the RGE are the renormalization group functions. Since these are rarely known exactly even for the simplest of field theories one has to be content with approximate perturbative solutions; the accuracy being dependent upon how many orders in the perturbative coupling constant one can compute the RGE functions. This is a highly technical and tedious exercise partly because the number of Feynman diagrams at even one loop can sometimes be excessive. Also the results depend on how one removes the ultra-violet infinities. For theories which particle physicists are interested in such as quantum chromodynamics, (QCD), which is the gauge theory describing the strong interactions, most high order calculations of these functions are performed in the MS scheme. 1−4 For instance, the β-function of QCD has been deduced at third order in this scheme. Recently information on various scattering amplitudes has been produced at the same level in an impressive set of papers. 5 Due to the complexity of such calculations, having independent and alternative methods to check the high order structure of the RGE functions is important.
One such method has been made available through the properties of the RGE in the neighbourhood of a fixed point which is defined to be a nontrivial zero of the β-function. There it is known that the critical exponents which characterize the phase transition correspond to the functions of the RGE evaluated at the critical coupling. So if one can compute exponents directly then information on the RGE functions is obtainable. 6 This has been achieved in impressive articles by Vasil'ev et al for the O(N ) σ model. 7 There critical exponents were determined in arbitrary dimensions order by order in powers of 1/N when N is large. Those results are in total agreement with the ǫ-expansion at the fixed point of the same exponents deduced explicitly at 5-loops in MS. Garnered by that success it is therefore a worthwhile exercise to develop the 1/N f method for QCD, where N f is the number of quark flavours, in relation to the present state of the art calculations.
Basic ideas
We recall the basic ideas for deducing arbitrary dimensional critical exponents in the 1/N f expansion. First from the two loop β-function of QCD in ddimensions, 1,2 there is a fixed point at
where d = 4 − 2ǫ. If, for example, a general RGE function takes the form
where the coefficients {c i , d i , e i . . .} are independent of N f , then the associated exponent at leading order in 1/N f is
So provided γ(g c ) can be computed directly in the large N f limit its ǫ-expansion gives the leading order sequence of coefficients {c i } of γ(g).
The exponents are defined with reference to the action of the theory one is interested in. For QCD this takes the form
where ψ iI is the quark field, A a µ is the gluon field,
IJ is the generator of the colour group whose structure constants are
. The canonical dimensions of the fields of Eq. 4 at g c are defined by demanding that the action is dimensionless. The anomalous dimensions are defined to be the extra portion of the full dimension of the field or operator and essentially are a measure of the effect of radiative corrections. For instance, in the scaling region where the propagators of Eq. 4 behave in the limit k 2 → ∞, as,
where A and B are momentum independent amplitudes and b is the covariant gauge parameter, we define
with d = 2µ. Here χ is the dimension of the quark gluon vertex operator and η is the quark anomalous dimension. Expressions for these anomalous dimensions are deduced from studying the scaling dimensions of the next to leading order corrections to the 2 and 3 point Green's function using Eq. 5.
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For an arbitrary gauge parameter, the leading order results are,
where
. In computing these results, which agree with 3-loop perturbative calculations in the Landau gauge, 4 we made use of another well known feature of critical point theory. Ordinarily more than one model can be used to deduce exponents at a fixed point and such models are said to be in the same universality class. A well known example is the equivalence of the O(N ) σ model and O(N ) φ 4 theory in three dimensions. For the present case QCD is equivalent 9 at leading order in 1/N f to a non-abelian version of the Thirring model, (NATM), which is renormalizable in strictly two dimensions. Its lagrangian is
where λ is the coupling constant which is dimensionless in 2 dimensions. Eliminating the auxiliary spin-1 field A a µ yields a 4-fermi term. The benefit of using this model, Eq. 9, is that it has a simpler structure to Eq. 4 as the 3 and 4 point gluon self interactions are absent. So one need only consider diagrams built with the quark gluon interaction. It was shown, though, 9 that in the 1/N f limit the 4-fermi model correctly reproduced the 3 and 4 point gluon Feynman rules in the approach to four dimensions. In other words with Eq. 9 the effect of the 3-point gluon interaction is contained in the graphs with a quark loop. This feature occurs implicitly in the calculations we report on later. Further in using a covariant gauge, ghost fields have to be included in each lagrangian but they give no contribution at leading order.
β-function
With this basic formalism the O(1/N f ) correction to the QCD β-function can be computed. 10 Ordinarily this is the first step in determining O(1/N 2 f ) information as it will encode the next order correction to g c to all orders in ǫ. To determine this we compute the related exponent ω = − β ′ (g c )/2. It is deduced from the last term of Eq. 4 which gives the scaling law
where χ G is the critical dimension of the composite operator G = (G a µν ) 2 when computed as an insertion in a Green's function in the non-abelian Thirring model. For QED ω was originally deduced in 1/N f by explicitly performing the MS renormalization with an infinite chain of electron bubbles.
11 The extension to the non-abelian case is simpler in the critical approach. Three 2-loop and one 3-loop graphs need to be evaluated which are illustrated in Fig. 1 . The first two graphs correspond to the QED sector, whilst the remaining two would be absent by Furry's theorem in QED as their colour group factor is C 2 (G). Consequently, using the critical propagators we find
The ǫ-expansion of Eq. 11 correctly reproduces the O(1/N f ) coefficients of the 3-loop MS β-function. 1−4 With this agreement we can deduce several new higher order coefficients. Using the notation 
Twist-2 operators
With the impressive progress that has been made at 3-loops in MS in the renormalization of the twist-2 operators of the operator product expansion used to understand processes in deep inelastic scattering 5 it is important to have some large N f results available for comparison. Similar to the β-function calculation the critical exponents corresponding to the anomalous dimensions of such operators are deduced by inserting the operator into a Green's function in the NATM and determining the scaling behaviour of the integrals. The operators which we consider are,
where S denotes symmetrization on the Lorentz indices.
For the fermionic twist-2 flavour nonsinglet and singlet operators, O ns and O s , we deduce at leading order in 1/N f respectively
where n is the operator moment, Ψ(n) = ψ(µ − 1 + n) − ψ(µ) and ψ(x) is the logarithmic derivative of the Γ-function. One feature of the singlet sector is that the operators do not mix since the gluonic and fermionic operators have different canonical dimensions at g c . By contrast in the perturbative calculation there is mixing and one has to compute a matrix of anomalous dimensions. To compare the ǫ expansion of Eq. 14 with perturbative results one realises that in the large N f calculation the result contained in Eq. 14 is in fact the anomalous dimension of the predominantly fermionic eigenoperator of the perturbative mixing matrix. Therefore if one computes the eigenvalues of the mixing matrix 5, 13 and evaluates them at g c the coefficients of both ǫ expansions ought to be in agreement. We record this occurs exactly at the 3-loop level at leading order in 1/N f .
More explicitly we present the n-dependence of the coefficient c 3 , in the notation of Eq. 2, of both the nonsinglet and singlet leading order large N f part of the anomalous dimensions. Having the explicit dependence is important since the inverse Mellin transform of the anomalous dimensions with respect to n determine the Altarelli Parisi splitting functions. These are a function of the conjugate variable, x, which is the momentum fraction carried by the partons contained in the nucleons, and are in effect a measure of the probability that a parton fragments into other partons. First, we have for the nonsinglet case,
where S l (n) = n r=1 1/r l . To compare with the results of the explicit 3-loop MS calculation for the first few moments, 5 we have evaluated Eq. 15 for various n and presented them in Table 1 . For the singlet sector we can deduce the n-dependence of the 3-loop coefficient of the anomalous dimension of the predominantly fermionic eigenoperator. It is,
− [100n 10 + 682n 9 + 2079n 8 + 3377n 7 + 3389n
Similar to c ns 3 we have evaluated Eq. 16 for low moments and presented the results in Table 2 . These are in exact agreement with the first four moments of the explicit three loop MS results after diagonalizing the mixing matrix 5 and extracting the leading order large N f piece corresponding to the dimension of the predominantly fermionic eigenoperator. Aside from agreeing with explicit perturbative results up to three loops, there are several other checks on the exponents arising from general principles. First, as the operators are physical their anomalous dimensions are gauge independent. We have therefore computed Eq. 14 with a non-zero covariant gauge parameter b and observed its cancellation in assemblying the contributions from the relevant Feynman diagrams in each exponent. Second, for certain values of n the corresponding operators reduce to conserved physical currents. Provided the conservation of these currents is not spoiled by an anomaly then their anomalous dimensions must be zero to all orders in perturbation theory. For the nonsinglet sector the n = 1 case relates to charge conservation, whilst the singlet operator with n = 2 corresponds to the energy momentum tensor. Therefore for both these respective values the critical exponents of Eq. 14 must vanish. It is an easy exercise to verify this. Indeed the zero entry for n = 2 in Table 2 is a reflection of this general result in the three loop case.
Conclusions
The critical renormalization group ideas 7 have proved useful in giving some insight into the structure of the MS perturbative coefficients at higher orders in QCD. Although we have concentrated on the four dimensional theory the results have been expressed as functions of d. Therefore we can also obtain information on the three dimensional model. For example, from Eq. 11
Higher order 1/N f calculations are possible too. For instance, in the abelian sector the dimension of the mass operator,ψψ, is available in d-dimensions. So when d = 3 the gauge independent electron mass anomalous dimension is, 
